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Let G be a graph on n vertices, and let λ1, λ2, . . . , λn be its eigen-
values. The Estrada index is deﬁned as EE(G) = ∑ni=1 eλi . We
determine the unique treewithmaximumEstrada index among the
trees on n vertices with given matching number, and the unique
tree with maximum Estrada index among the trees on n vertices
with ﬁxed diameter. For 
⌈
n+1
3
⌉
, we also determine the tree
with maximum Estrada index among the trees on n vertices with
maximum degree . It gives a partial solution to the conjecture
proposed by Ilic´ and Stevanovic´ in Ref. [14].
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
Let G be a simple graph on n vertices. The eigenvalues of G are the eigenvalues of its adjacency
matrix, which are denoted by λ1, λ2, . . . , λn. The Estrada index of G, put forward by Estrada [5], is
deﬁned as
EE(G) =
n∑
i=1
eλi . (1)
This graph invariant found applications in measuring the degree of folding of long-chain biopoly-
mers, the centrality of complex networks, and it was also proposed as a measure of molecular branch-
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Fig. 1. Graphs An,m and Dn,d .
ing, accounting for the effects of all atoms in the molecule, giving higher to the nearest neighbors, see
[6,7,8]. Basic mathematical properties, especially various bounds for the Estrada index may be found
in [2,3,12,13,14,16]. See [4,9,10,11,15] for some other results of the Estrada index.
Denote by Mk(G) the kth spectral moment of graph G. It is known [1] that Mk(G) is equal to the
number of closed walks of length k in G. Then [2]:
EE(G) =
∞∑
k=0
Mk(G)
k! .
If G is a bipartite graph, then EE(G) = ∑∞k=0 M2k(G)(2k)! . For two bipartite graphs G1, G2, if M2k(G1)
M2k(G2) for all positive integers k, then EE(G1) EE(G2). Moreover, ifM2k(G1) > M2k(G2) for some
k, then EE(G1) > EE(G2).
Deng [3], Das and Lee[19] and Ilic´ and Stevanovic´ [14] proved that, for any tree T on n vertices,
EE(Sn) EE(T) EE(Pn)
with the left equality if and only if T ∼= Sn andwith the right equality if and only if T ∼= Pn, where Sn, Pn
denote the star and the path on n vertices, respectively.
The complete -ary tree is deﬁned as follows: start with the root having  children, every vertex
different from the root, which is not in one of the last two levels, has exactly − 1 children. In the last
two level,while not all vertices have to exists, the vertices that do exist ﬁll the level consecutively. Thus,
at most one vertex on the level second to the last has its degree different from  and 1. Considering
the tree with maximum Estrada index among all trees with maximum degree , Ilic´ and Stevanovic´
proposed the following conjecture in [14]:
Conjecture 1. For any k 2, the complete-ary tree has maximum spectral moment M2k among trees on
n vertices with maximum degree .
This conjecture implies that the complete -ary tree has maximum Estrada index among trees on
n vertices with maximum degree .
The matching number of a graph is the number of edges of a maximummatching. LetAn,m be the
set of all trees on n vertices with matching number m, where 1m
⌊
n
2
⌋
,Dn,d denote the set of all
trees on n vertices with diameter d, where 2 d n − 1. Let An,m be obtained from the star Sn−m+1
with n − m + 1 vertices by attaching a pendent edge to each of certainm − 1 non-central vertices of
Sn−m+1. Set A2m = A2m,m. Let Dn,d be the tree obtained from a path of length d by attaching n − d − 1
pendent vertices to a center of the path (see Fig. 1). The double star S(a, b) is a graph consisting of the
union of two stars Sa+1 and Sb+1 together with an edge by joining their centers.
Recall ﬁrst that a caterpillar is a tree in which the removal of all pendent vertices gives a path. Let
T(a, b, c) be a caterpillar with diameter 4 formed from P5 by attaching a, b, c pendent vertices to the
second, third, fourth vertex, respectively. Clearly, An,3 ∼= Dn,4 ∼= T(0, n − 5, 0).
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Fig. 2. The graphs considered in Lemma 1.
In this paper, we ﬁrst prove that An,m is the unique tree with maximum Estrada index inAn,m,
and Dn,d is the unique tree with maximum Estrada index inDn,d. Finally, we prove that, S( − 1, n −
1 − ) for n
2
and T( − 2, − 2, n − 1 − 2) for
⌈
n+1
3
⌉
 < n
2
are the trees withmaximum
Estrada index among trees on n vertices with maximum degree . Thus Conjecture 1 is true for

⌈
n+1
3
⌉
.
2. Preliminaries
The coalescence G(u) · H(v) of rooted graphs G and H is the graph obtained from G and H by
identifying the root u of Gwith the root v of H. LetMk(G, u) be the number of closed walks of length k
starting at u in G. Let dG(u) be the degree of u in G.
Lemma 1. If G1 and G2 are the bipartite graphs satisfying M2k(G1)M2k(G2) and M2k(G1, w)
M2k(G2, u) for any positive integer k, thenM2k(G)M2k(G′) for any positive integer k, where G ∼= G1(w) ·
G3(a) and G
′ ∼= G2(u) · G3(a) (see Fig. 2). Furthermore, if M2k(G1, w) > M2k(G2, u) for some positive
integer k, then there must exist a positive integer l such that M2l(G) > M2l(G
′).
Proof. Let Z(Z′) denote the set of closed walks of length 2k containing some edges of both G1(G2) and
G3. We need to show the inequality |Z| |Z′|.
Since M2k(G1, w)M2k(G2, u) for any positive integer k, we construct an injection il from the set
of closed walks of length l starting at u in G2 to the set closed walks of length l starting at w in G1 for
any positive integer l.
Let C′ be a closed walk starting at v in Z′, Wv∼u be the ﬁrst walk from v to u in C′, and W ′u∼v be
the last walk from u to v in C′. Suppose that v ∈ V(G2), s is the lengths of Wv∼u, and t is the lengths
of W ′u∼v. Then let C′1 = Wv∼uW ′u∼v, that is, C′1 is a closed walk of G2 starting at v and passing u. We
decompose C′1 as follows:
C′ = C′1C1C2C3C4 . . . ,
where Ci is the ith closed walk of length li starting at u in C
′. Then it passes u only one time and is
completely contained in G2 or G3. Let C
∗
1 be the closed walk obtained by taking C
′
1 s steps forward, that
is, C∗1 = W ′u∼vWv∼u is a closed walk of G2 starting at u.
Let
C
′′ = C∗1C1C2C3C4 . . . ,
we know that C
′′
is a closed walk of Z′ starting at u. Assume that C2, C4, . . . are completely contained
in G2. Let
C
′′′ = is+t(C∗1 )C1il2(C2)C3il4(C4) . . . ,
and C01 = is+t(C∗1 ) = W∗w∼v′W∗∗v′∼w , where the lengths of the walks W∗w∼v′ and W∗∗w∼v′ are t and s,
respectively, and v′ ∈ V(G1). Suppose that C1 = W∗∗v′∼wW∗w∼v′ , and we deﬁne a map ϕ from Z′ to Z as
follows:
ϕ(C′) = C = C1C1il2(C2)C3il4(C4) . . . ,
then C is a closed walk starting at v′ in Z and has the same length as C′. It is easy to prove that ϕ is an
injection from Z′ to Z . Thus the result follows for v ∈ V(G2).
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If v ∈ V(G3), we construct an injection ρ from Z′ to Z as follows:
ρ(C′) = C = C′1C1il2(C2)C3il4(C4) . . . ,
and thus complete the proof. 
Lemma 2 [14]. Let Pn+1 = v0v1v2 . . . vn. Then
M2k(Pn+1, v0) M2k(Pn+1, v1)M2k(Pn+1, v2)
 . . .M2k
(
Pn+1, v n2−1
)
M2k
(
Pn+1, v n2
)
,
with strict inequality for sufﬁciently large k.
Lemma 3. If a > b + 1, then EE(S(a, b)) > EE(S(a − 1, b + 1)).
Proof. Let u, v be the centers of the induced subgraphs Sa, Sb+1 of the double star S(a − 1, b). It is easy
toﬁnd thatM2k(S(a − 1, b), u) > M2k(S(a − 1, b), v) for all k 1. By Lemma1,wehaveM2k(S(a, b)) >
M2k(S(a − 1, b + 1)) for all k 1. Furthermore, EE(S(a, b)) > EE(S(a − 1, b + 1)). 
3. The tree of matching numberm with maximum Estrada index
Lemma 4. Let T be a tree on 2mvertices with a perfect matching, and T  A2m. ThenM2k(T)M2k(A2m)
for any positive integer k, and it is strict for some k.
Proof. The assertion is obvious for m = 1, 2. Assume m 3. By induction on m to prove that, for any
positive integer k, v ∈ V(T) and u ∈ V(A2m)\{w},
M2k(T)M2k(A2m), M2k(T, v)M2k(A2m, w), M2k(A2m, u)M2k(A2m, w),
and each inequality is strict for some l.
Ifm = 3, then either T ∼= A6 or T ∼= P6. Let P4 = vwv1u1 and P3 = av2u2. Then A6 ∼= P4(w) · P3(a)
and P6 ∼= P4(v) · P3(a).
From Lemmas 1 and 2 we have M2k(P6)M2k(A6) for any positive integer k and it is strict for
some k.
Consider the closed walks of length 2k in P6 starting at v(a) and the closed walks of length 2k in A6
starting at w, we have
M2k(P6, v) = |S1| + |S2| + |S3|
M2k(A6, w) = |S′1| + |S2| + |S′3|,
where S1 (S
′
1) denotes the set of the closed walks of length 2k starting at v (w) in P4 = vwv1u1, S2
denotes the set of the closed walks of length 2k starting at v in P3 = av2u2, and S3 (S′3) denotes the
set of the closed walks of length 2k starting at v (w) containing some edges of both P4 = vwv1u1 and
P3 = av2u2 in P6 (A6). In analogy to the proof of Lemma 1, we can obtain M2k(P6, v)M2k(A6, w) for
all k. SinceM2k(P6, v) is maximum in P6, we have
M2k(P6, v)M2k(A6, w)
for any positive integer k and any v ∈ V(P6).
Assume that wv1u1, wv2u2, wv are the three pendent paths of A6. Then
M2k(A6, v1) = M2k(A6, v2), M2k(A6, u1) = M2k(A6, u2).
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Since
M2k(A6, w) − M2k(A6, u1) = M2k(A6 − v1u1, w) − M2k(A6 − wv1, u1)
= M2k(A6 − v1u1, w) − M2k(v1u1, u1)
> 0,
wehaveM2k(A6, u1) < M2k(A6, w) for anypositive integerk. Similarly,wecan showthatM2k(A6, v1) <
M2k(A6, w) andM2k(A6, v) < M2k(A6, w) for any positive integer k.
Note that M2(G, u) = dG(u). We have M2(P6, v) 2 < 3 = M2(A6, w) for all v ∈ V(P6), and
M2(A6, v) 2 < 3 = M2(A2m, w) for all v ∈ V(A6)\{w}.
Now, suppose thatm 3 and T is a tree on 2m + 2 vertices with a perfect matching. Let u1v1 be a
pendent edge with pendent vertex u1 in a diametric path. Then d(v1) = 2. Let a be the neighbor of v1
different from u1. Then T can be viewed as the coalescence (T − v1 − u1)(a) · P3(a) of rooted graphs
T − v1 − u1 and P3 = av1u1. Counting the closed walk of length 2k in T we have
M2k(T) = M2k(T − v1 − u1) + M2k(P3) + bk,
M2k(A2m+2) = M2k(A2m) + M2k(P3) + b′k,
where bk (b
′
k) denotes the number of the closed walks containing some edges in both T − v1 −
u1 (An,m) and P3 (passing the vertex a (w)). Since T − v1 − u1 is a tree on 2m vertices with a perfect
matching, by the induction hypothesis we haveM2k(T − v1 − u1)M2k(A2m) for any positive integer
k and it is strict for some k. By Lemma 1 we have bk  b′k . It follows thatM2k(T)M2k(A2m+2) for any
positive integer k and it is strict for some k. By similar proof as in Lemma 1 or in the case m = 3, we
can show thatM2k(T, v)M2k(A2m+2, w) for all v ∈ V(T), andM2k(A2m+2, v)M2k(A2m+2, w) for all
v ∈ V(A2m+2)\{w}, each of them is strict for some k. 
We can also show thatM2k(A6, v1) < M2k(A6, w) andM2k(A6, v) < M2k(A6, w) by applying matrix
theory and graph theory as follows:
Let
A =
⎛
⎜⎜⎜⎜⎜⎜⎝
0 1 1 1 0 0
1 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1
0 0 1 0 0 0
0 0 0 1 0 0
⎞
⎟⎟⎟⎟⎟⎟⎠
,
U =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 1 + √3 1 + √3 1 − √3 1 − √3 0
0 −√2 √2 √2 −√2 0
1 −
√
6+√2
2
√
6+√2
2
−√6+√2
2
√
6−√2
2
1
−1 −
√
6+√2
2
√
6+√2
2
−√6+√2
2
√
6−√2
2
−1
−1 1 1 1 1 1
1 1 1 1 1 −1
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
By simple computation we have
U−1AU =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
−1 0 0 0 0 0
0 −
√
6+√2
2
0 0 0 0
0 0
√
6+√2
2
0 0 0
0 0 0 −
√
6+√2
2
0 0
0 0 0 0
√
6−√2
2
0
0 0 0 0 0 1
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,
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and
M2k(A6, w) = A2kww =
3 + √3
6
·
(√
6 + √2
2
)2k
+ 3 −
√
3
6
·
(√
6 − √2
2
)2k
,
M2k(A6, v) = A2kvv =
3 − √3
6
·
(√
6 + √2
2
)2k
+ 3 +
√
3
6
·
(√
6 − √2
2
)2k
,
M2k(A6, v1) = A2kv1v1 =
1
2
+ 3 +
√
3
24
·
(√
6 + √2
2
)2k
+ 3 −
√
3
24
·
(√
6 − √2
2
)2k
,
M2k(A6, u1) = A2ku1u1 =
1
2
+ 3 −
√
3
12
·
(√
6 + √2
2
)2k
+ 3 +
√
3
12
·
(√
6 − √2
2
)2k
.
Comparing these we can obtain the result easily.
Lemma 5 [17,18]. Let T be a tree with n vertices and matching number m, n > 2m. Then there exists a
pendent vertex v and a maximum matching M in T such that M does not saturates v.
Theorem 1. Let T be a tree on n vertices with matching number m, where 1m
⌊
n
2
⌋
and TAn,m. Then
M2k(T)M2k(An,m) for any positive integer k, and it is strict for some k. Thus, EE(T) EE(An,m) with
equality if and only if T ∼= An,m.
Proof. By induction on n to prove that, for any positive integer k, v ∈ V(T) and u ∈ V(An,m)\{w},
M2k(T)M2k(An,m), M2k(T, v)M2k(An,m, w), M2k(An,m, u)M2k(An,m, w),
and each of them is strict for some l.
The result holds if n = 2m by Lemma 4. Suppose that n > 2m and the result is true for n − 1.
Suppose that T is a tree with n vertices and matching number m, By Lemma 5, there exist a pen-
dent vertex v and a maximum matching M in T such that M does not saturates v. Let av ∈ T , then
T can be viewed as the coalescence (T − v)(a) · P2(a) of rooted graphs T − v and P2 = av, and
An,m ∼= An−1,m−1(w) · vw(w), where v, w is shown in Fig. 1. By Lemma 1 and the induction hypothesis,
the result follows easily. 
4. The tree of ﬁxed diameter with maximal Estrada index
In order to obtain our result we need some auxiliary Lemmas.
Lemma 6 [3]. Let u be a non-isolated from G. If G1 and G2 are the graphs obtained from G by identifying
a pendent vertex v2 and the center v1 of the n-vertex star Sn to u, respectively, depicted in Fig. 3, then
M2k(G1) < M2k(G2) for n 3 and k 2.
Lemma 7 [14]. Let w be a vertex of the non-trivial connected graph G and for non-negative integer p
and q, let G(p, q) denote the graph obtained from by attaching pendent paths P = wv1v2 . . . vp and Q =
wu1u2 . . . uq of lengths p and q, respectively, at w. If p q 1, then
Fig. 3. The trees considered in Lemma 6.
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M2k(G(p, q))M2k(G(p + 1, q − 1))
for any positive integer k, and it is strict for some k.
Clearly, if T ∈ Dn,d is not a caterpillar, then by applying Lemma 6we can ﬁnd a caterpillar T ′ ∈ Dn,d
such thatM2k(T)M2k(T ′) for k 2.
If vertices u and v are connected in G, the distance between u and v in G, denoted by d(u, v), is the
length of a shortest (u, v)-path in G.
Lemma 8. Let T ∈ Dn,d be a caterpillar. Let dT (vi), dT (vj) 3 such that (vj, vd)-path is a pendent path,
d(vi, v0) d(vj, vd) and dT (vi+1) = . . . = dT (vj−1) = 2. Let T ′ be the tree obtained from T by moving
all pendent vertices adjacent to vj to vi (seeFig.4). Then M2k(T)M2k(T ′) for any positive integer k, and
it is strict for some k.
Proof. Let T∗ be the tree as shown in Fig.4. Assume that e is the center of Sa+1. It is easy to see
that T ∼= T∗(vj) · Sa+1(e) and T ′ ∼= T∗(vi) · Sa+1(e). By Lemma 1, it sufﬁces to prove M2k(T∗, vi)
M2k(T
∗, vj) for all k. Let M2k(T∗, vi, vj) be the number of closed walks of length 2k starting at vi and
passing vj in T
∗, M2k(T∗, vj, vi) be the number of closed walks of length 2k starting at vj and passing
vi in T
∗. Clearly, M2k(T∗, vi, vj) = M2k(T∗, vj, vi). Thus it sufﬁces to prove that M2k(T∗ − vj−1vj, vi) >
M2k(T
∗ − vivi+1, vj) for any positive integer k. Since dT∗(vi, v0) dT∗(vj, vd) and (vi − vj − vd)-path
is a pendent path of T∗, the component Tvj of T∗ − vivi+1 containing vj is a path on d − i vertices, that
is, it is a subgraph of the component Tvi of T
∗ − vj−1vj containing vi. There exists an injection ϕ from
V(Tvj) to V(Tvi) such that ϕ(V(Tvj)) ⊆ V(Tvi),ϕ(vj) = vi and ϕ(u)ϕ(v) ∈ E(Tvi) for any uv ∈ E(Tvj),
then the result follows. 
Let T ∈ Dn,d be a caterpillar. If T has more than one vertex of degree at least 3, then by applying
the transformation described in Lemma 8 to T repeatedly, we can obtain a new tree with exactly one
vertex of degree at least 3 with larger Estrada index. Let T be a caterpillar of diameter d with exactly
Fig. 4. The trees considered in Lemma 8.
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one vertex, say w, of degree at least 3. If T is the tree with maximal Estrada index in Dn,d, then by
Lemma 7 it follows that w must be a central vertex of T , that is, T ∼= Dn,d. Thus we have
Theorem 2. Let T ∈ Dn,d and T  Dn,d, thenM2k(T)M2k(Dn,d) for any positive integer k, and it is strict
for some k; Furthermore, EE(T) < EE(Dn,d).
By Lemmas 1, 6, 7 and Theorems 1, 2. We have following orders:
EE(Sn) = EE(An,1) > EE(An,2) > · · · > EE
(
An, n2
)
,
and
EE(Sn) = EE(Dn,2) > EE(Dn,3) > · · · > EE(Dn,n−1) = EE(Pn).
5. The tree of a given maximum degree
⌈
n+1
3
⌉
with maximum Estrada index
Lemma 9. Let H, S be shown in Fig. 5, where G is a connected graph with at least an edge. Let G1 ∼= H(v) ·
S(w), G2 ∼= H(u) · S(w). Then EE(G1) < EE(G2).
Proof. It is easy to proveM2k(H, u)M2k(H, v) for all k. By Lemma 1 the result follows. 
Theorem 3. For positive integer  n
2
, S( − 1, n − 1 − ) is the unique tree with maximum Estrada
index among trees with n vertices and maximum degree .
Proof. Suppose that T has the maximum Estrada index among all trees with n vertices andmaximum
degree . Since the maximum degree of T is , T can be viewed as the tree obtained from S+1 by
planting a subtree at each pendent vertex of the star. We suppose that these subtrees are T1, T2, . . .,
and T. By Lemma 3 and 9, then Ti (i = 1, 2, . . . ,)must be a star and the root is its central vertex. If
there are at least two subtrees of at least two vertices, by Lemma 1 and the case n 2, we can obtain
a new tree with larger Estrada index by planting all subtrees at a pendent of star S+1, it follows that
T ∼= S( − 1, n − 1 − ). 
Theorem 4. For positive integer
⌈
n+1
3
⌉
 < n
2
, T( − 2, − 2, n − 1 − 2) is the unique tree with
maximum Estrada index among all trees with n vertices and maximum degree .
Proof. Let T be a treewithmaximumEstrada index among treeswith n vertices andmaximumdegree
. Let dT (u) = .
Claim: There must exist another vertex of degree  in T .
Let a be the vertex with the largest distance to u in T , u · · ·wba be the unique path from u to a. If
u = w, in analogy to the proof of Theorem 3, we can obtain the result easily.
If d(u, a) 3 and dT (w) < , then either dT (b) =  or dT (w) − 1 + dT (b) + 1. Otherwise,
we can obtain a new tree with larger Estrada index applying the transform in Lemma 9.
Fig. 5. The trees considered in Lemma 9.
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If dT (w) − 1 + dT (b) + 1, since there are dT (b) − 1 vertices pendent at b, by Lemma 1,we can
obtain a new tree T ′ with larger Estrada index and dT ′(w) =  by moving  − dT (w) pendent edges
from b to w, a contradiction. Then the Claim follows.
Denote by x the other vertex of degree . If ux ∈ E(T), similar to the proof of Theorem 3, the
assertion can be proven easily for n 3 − 1.
If ux /∈ E(T), then there must exist a vertex, say v, such that uv, vx ∈ E(T). Otherwise, a new tree
with larger Estrada index is obtained by applying the transformation described in Lemma 9 to the tree
T . Furthermore, all vertices that adjacent to v except u, w are pendent and there do not exist vertices
whose distance to v is 3. Then T ∼= T( − 2, n − 1 − 2, − 2). If n − 1 − 2 =  − 2, then
T ∼= T( − 2, n − 1 − 2, − 2) ∼= T( − 2, − 2, n − 1 − 2).
If n − 1 − 2 <  − 2, then by Lemma 1, we have
EE(T( − 2, − 2, n − 1 − 2)) > EE(T( − 2, n − 1 − 2, − 2)),
a contradiction.
This completes the proof. 
Note that T( − 2, − 2, n − 1 − 2), and S( − 1, n − 1 − ) are complete -ary trees, and
Theorems 3 and 4 imply Conjecture 1 for 
⌈
n+1
3
⌉
.
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